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Abstract

Principal component analysis (PCA) is one of the multivariate methods that aims to construct components, each of which contains
a maximal amount of variation from the data unexplained by the other components. Classical PCA (CPCA) is based on the
classical covariance, which is easily affected by outliers. Additionally, the outliers may distort the PCA result. Robust statistics is
one of the methods to overcome the outliers. Therefore, in this study, an alternative technique for robust principal component
analysis (RPCA) is presented. Index Set Equality (ISE) is used as a robust estimator to robustify the CPCA and hence produce
robust PCA (RPCA). The Hawkins-Bradu Kass dataset is used to illustrate the robustness of RPCA towards outliers compared to
CPCA. The score plot, diagnostic plot, and performance measures are used to evaluate and illustrate the robustness of the RPCA.
From the plots and performance measures, RPCA successfully identifies all outliers and is unaffected by masking and swamping
effects. However, CPCA can only detect 0.2857 outliers, has 0.7143 masking effects, but does not have swamping effects. This
study shows that RPCA, by using ISE as the robust estimator, is a promising approach.
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1. Introduction

One technique in multivariate data analysis called Principal Component Analysis (PCA) uses a few components to try
and explain the covariance structure of the data (Hubert et al., 2005). PCA aims to determine a smaller number, k, of
linear combinations of the initially observed, p variables while maintaining the majority of the data's variability

(Filzmoser & Todorov, 2013; Hubert et al., 2005). The first principal component is the linear combination, which
explains the highest variation in the data (Filzmoser & Todorov, 2013; Hubert et al., 2005; Rencher, 2002). In a
direction orthogonal to the first principal component, the linear combination with maximal variance is the second
principal component, and so on (Filzmoser & Todorov, 2013; Hubert et al., 2005; Rencher, 2002).

Classical PCA (CPCA) uses classical covariance or correlation matrices to compute eigenvalues and eigenvectors.
Nevertheless, outliers can affect these classical covariance and correlation matrices. Masking and swamping effects
can arise from even a single outlier distorting the computation of the classical covariance and correlation matrices. In
CPCA, the existence of outliers leads to the first components being frequently drawn to outliers and might not capture
the variation of inliers (Chen et al., 2020). Thus, data reduction becomes unreliable using CPCA in the presence of
outliers.

Robust methods are used in PCA to overcome outlier problems, such as in Chen et al. (2020), Wang & Pham (2011),
and Hubert et al. (2005). Obtaining principle components that are unaffected by outliers is the aim of robust PCA
(RPCA) (Hubert et al., 2005). There are two approaches to RPCA, which are: (i) utilising a robust covariance
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estimator to replace the classical covariance and (ii) using projection pursuit (PP) techniques (Hubert et al., 2005).
This study is going to focus on the first approach, which substitutes the classical covariance with a robust estimation
of covariance.

Previous studies have offered a variety of robust estimators, including the Minimum Volume Ellipsoid (MVE)
estimator (Rousseeuw, 1985), the Fast Minimum Covariance Determinant (FMCD) estimator (Rousseeuw &
Driessen, 1999), the M-estimator (Devlin et al., 1981), the S-estimator (Rousseeuw & Yohai, 1984), and the MM-
estimator (Maronna & Yohai, 2017). Among the robust estimators, the FMCD is a well-known robust estimator and
is used widely. However, when dealing with large datasets featuring many dimensions, the FMCD is still not
computationally efficient because the complexity of computation grows exponentially with the dimension. Hence, the
problem in FMCD became the motivation for (Salleh, 2013) to develop robust estimators named Covariance Matrix
Equality (CME) and Index Set Equality (ISE). According to Salleh (2013), the computational complexity of CME

and ISE is only O(pln p) compared to FMCD, which is O( p3) . It is discovered that ISE performs better than CME

(Lim & Midi, 2016). Recent contributions to robust PCA, such as Zahariah & Midi (2023) and Cai et al. (2021), have
been developed primarily for high-dimensional contexts in which the number of variables exceeds the sample size.
While these approaches are valuable for such settings, they do not directly address scenarios considered in this study,
where the focus lies on datasets where the sample size exceeds the dimensionality.

Hence, in this study, the ISE is used as the robust estimator to replace the classical estimator in PCA and yield RPCA.
The objective of this study is to present an alternative technique for robust principal component analysis (RPCA)
using ISE. The robustness of RPCA towards outliers compared to CPCA is illustrated using the Hawkins-Bradu Kass
(HBK) dataset. The remainder of this paper is organised as follows. The next section outlines the methodology, which
is divided into three phases. Section 3 reports the findings of the study using graphical illustrations and performance
measures. The last section presents the conclusion of this study.

2. Materials and Methods

The methodology for this study consists of three phases. Phase | is to obtain the robust estimator, the Index Set
Equality (ISE) estimator. Next, the sample mean and covariance matrix of ISE are used to robustify Principal
Component Analysis (PCA). The final phase involves performance evaluation, in which RPCA and CPCA are
compared using the Hawkins-Bradu-Kass (HBK) dataset. R programming is utilized in this study for the analysis.
The complete phases of the methodology are shown in Figure 1.

Step 1: Data matrix, X.
v
Step 2: Robust estimator (ISE) of X is obtained by using R programming. } Phase |
v
Step 3: Standardize the data, X by applying the robust ISE estimator for the mean and covariance matrix and obtain Z.
v

Step 4: Find the eigenvectors and eigenvalues of Z.

v — Phase Il
Step 5: Sort the eigenvectors in descending order based on their corresponding eigenvalues. Find the cumulative proportion
of variance based on the eigenvalues. Retain components that explain at least 80% of the variance.

v

Step 6: Reorient data from the original axes to the ones that the principal components now represent to transform the
samples onto the new subspace. -

v

Step 7: Calculate the score distance and orthogonal distance for every observation in the dataset. Determine whether the
observation is outlier or inlier based on the cutoff value.
v Phase 111

Step 8: Evaluate the proposed method using the performance measurements: pout, pmask, and pswamp.

Fig. 1. Flow chart for three phases of the methodology.
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Phase I: Index Set Equality (ISE) estimator

To address the issue of Minimum Vector Variance (MVV), Salleh (2013) introduced two robust estimators:
Covariance Matrix Equality (CME) and Index Set Equality (ISE). Moreover, MVV has been proposed to solve issues
in the FMCD (Fast Minimum Covariance Determinant) estimator. CME, ISE, and MVV introduced modifications to
the final step of the FMCD algorithm. In the final step of the FMCD, CME, MVV, and ISE algorithms, the
equivalence of the two covariance structures is assessed.

The steps of the ISE algorithm are as follows (Salleh, 2013; Salleh & Djauhari, 2011). In the ISE algorithm, the key
steps that allow it to overcome the influence of outliers are the subset selection. The algorithm identifies a stable
subset of observations through index set equality as shown in Step 6. This procedure effectively selects the portion of
the data that is internally consistent, while observations that behave differently (i.e., potential outliers) are excluded
from contributing to the estimation. Intuitively, this means that the influence of outliers is reduced because they are
not part of the equality set, allowing the algorithm to capture the main structure of the data more reliably.

Step 1: Choose an arbitrary subset H_, comprising h distinct observations, with h being the smallest integer

>(n+p+1)/2, where n is the sample size and p is the number of variables. H, represents an initial

subset of h observations selected among n observations.
Step 2:  Calculate the covariance matrix S,, ~and mean vector )?Hum of all observations included in H, .

Step3:  Calculate d2_ (i)=(X, - X, ) Sit, (X, =X, ) for i=12...,n. dZ_ (i) is the distance for each
observation in H, .
Step4: Arrange d;j (i) for i=12,...,n from smallest to largest,
di, (7(1)<di (7(2))<...<d}  (=(n))
where 7 is a permutation on {1,2,...,n}.
Step 5: Define H ={x”(1),x”(2),...,x”(h)} and then calculate X,, , S, and dj (i) for i=12...,n.H_, is
a new subset that was created in Step 4, where only h observations are selected after d,iDId (|) is sorting.

XHW and S, is the sample mean and covariance matrix of H,,,. While djw (i) is the distance for each
observation in H,,,.
Step Gisez If 1, =1, let H , =H

new ! new !

calculate X, andlet H,, ==H_,, X, =X, ands, =S, . Subsequently,
go to Step 3. The procedure ends otherwise. 1, and I

observations in H,,, and H,,,, respectively.

is the index sets corresponding to the

ew

During the algorithm’s final stage, Step 6ise, the final robust estimator of ISE for sample means, X;, and the
covariance matrix, S are produced. These robust estimators of X;, and S, are used to robustify Principal
Component Analysis.

Phase I11: Robust Principal Component Analysis (RPCA)

Next, the formulation of an alternative technique by incorporating the principal component analysis with Index Set

Equality (ISE) is performed.

Step 1:  The robust estimator of ISE for the sample means, X;  and covariance matrix, S is obtained.

Step 2:  Standardise the data so that each variable contributes equally to the analysis. In Eq. (1), z; is the
standardize variable, x; is the original data, X; ;- and S, are the robust estimators of mean and standard
deviation for each variable.

X. —X.
7 — i TilsE i=12,...,n j=12,..,p. @

i
Sjise
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Step 3: Find the eigenvectors and eigenvalues of the sample covariance matrix. Let S, obtain the eigenvalue-
eigenvector pairs (ﬂl,el),(ﬁz,ez),...,(ip,ep) where 4 >1,>...2 4,20 (Johnson & Wichern, 2002). To
find the eigenvector and eigenvalue, Eq. (2) and (3) are used.

(S —41U; =0  j=12,...,p )
det(S,e —A1)=0 (3)
where | is the identity matrix.

Step 4: The eigenvectors are sorted in decreasing order based on the corresponding eigenvalues. This step is crucial
as it helps prioritise the principal components that explain the most variance. Decide how many principal
components to retain. A common approach is to select the top k eigenvectors that correspond to the k
largest eigenvalues. The proportion of variance explained can guide this decision; for example, retaining
components that explain 80% or 90% of the variance (Filzmoser & Todorov, 2013; Hubert et al., 2005;
Rencher, 2002).

Step 5: In the last step, we need to reorient data from the original axes to the ones that the principal components now

represent to transform the samples onto the new subspace. Finally, we projected the data points using the
new axes and calculated the principal components.

Phase I11: Performance Evaluation

The performance of RPCA will be evaluated by comparing its performance with CPCA. The HBK dataset is used in
this study to illustrate the robustness of RPCA compared to CPCA. HBK dataset is a benchmark dataset in outlier
studies and has been used in many studies, such as in Abd Mutalib et al. (2021), Midi et al. (2020), Affindi et al.
(2019) and Pan et al. (2000)(Pan et al., 2000). A visual comparison of RPCA and CPCA is provided through a
diagnostic plot or outlier map. The diagnostic plot consists of the score distance, SD,, of every observation on the

horizontal axis and the orthogonal distance, OD,, of every observation on the vertical axis (Hubert et al., 2005).

According to Hubert et al. (2005) and Zahariah & Midi (2023) the score distance is defined as in Eq. (4),
k12
SD; = Zli, (4)

where the scores t; are obtained from Eq. (5) and 1; is the eigenvalues.

T, =(X,, ~Li)P,,,
()
where X, is the nx p original data, 1, is the column vector of length n with all entries equal to 1, @" and P, are
the mean and loading matrix for the original X, . The cutoff value for SD; is equal to X ogrs (Zahariah & Midi,
2023). The orthogonal distance is given as in Eq. (6),
ODi Z“Xi _ﬁ_Pp,kti’“’ (6)

where the ith observation is represented as the p-variate column vector x; and t; is the ith row of T, ,. The cutoff

value for OD, is equal to (/1+67Zqs )% where £ and & can be estimated by the median and MAD of the values
OD?* (Hubert & Engelen, 2004; Todorov & Filzmoser, 2009).

Next, the performance of CPCA and RPCA is evaluated by using pout, pmask and pswamp. According to Hubert &
Engelen (2004), the score distance, SD, exactly matches the Mahalanobis distance when employing CPCA.

Therefore, we used SD, to further investigate the performance of CPCA and RPCA in classifying outliers. The

outliers are identified if the value of SD, is more than ‘/ ;(kzvo_m . The pout, pmask and pswamp are computed as in

Eq. (7) — (9) (Abd Mutalib et al., 2023; Zulkipli et al., 2022).
pout _ Success (7)
out
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where out is the number of outliers, and "success" is the number of data sets in which the method was able to identify
every outlier. Eq. (8) represents the probability of misclassifying outliers as inliers (pmask).

pmask = failure ®)

out

where "failure" is the total of outliers that are found to be inliers in all datasets. Eq. (9) gives the probability of
misidentifying inliers as outliers (pswamp).
" false"
— 9)
(n—out)

where n represents the sample size and "false" denotes the total number of inliers in all data sets that are misclassified
as outliers.

pswamp =

3. Results And Discussions

An illustration of robustness between classical PCA (CPCA) and robust PCA (RPCA) is shown by using the
Hawkins-Bradu Kass (HBK) dataset presented in this section. The HBK dataset consists of 75 observations, n =75,

and three variables, p = 3. Observations 1 — 14 are identified as outliers in previous studies, whereas observations 15

— 75 are identified as inliers (Abd Mutalib et al., 2021, 2023; Affindi et al., 2019; Atkinson & Mulira, 1993; Lim &
Midi, 2016).

The HBK dataset's score plot, which is based on robust and classical principal components, is displayed in Figure 2.
Figure 2(a) and (b) show the separation of outliers and inliers. However, in Figure 2(a), the inliers are far from zero
even though the scores have a zero mean. This occurs because the mean of the data points provides an inaccurate
estimate of the true center of the data when outliers are present. Figure 2(b) presents the score plot for robust PCA,
demonstrating that the outliers do not affect the center estimate, with all inliers grouped around the zero mean.

Classical PCA Robust PCA
" 1-14 1 114
8 o R 8 ofim @
9 g
10 5 0 5 10 74‘0 2|o 0 2‘0 4‘0
PCH PC1
(a) (b)
Fig. 2. Score plot of the Hawkins— Bradu—Kass dataset obtained with (a) Classical PCA (CPCA) and (b) Robust PCA
(RPCA).

Figure 3 shows the diagnostic plot for CPCA and RPCA. Orthogonal outliers, bad leverage points, and good leverage
points can be identified based on the diagnostic plot. From Figures 3(a) and (b), the separation of inliers and outliers
is clear by CPCA and RPCA. From Figure 3(a), CPCA identified observations 1-10 as orthogonal outliers and 11 —
14 as bad leverage points. Figure 3(b) illustrates the diagnostic plot of the HBK dataset using robust PCA. All outliers
from Figure 3(b) are classified as bad leverage points, while observations 15 through 75 are classified as inliers. From
Figures 2(b) and 3(b), it is shown that RPCA using ISE as the robust estimator is not sensitive towards outliers
compared to CPCA.
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Fig. 3. Diagnostic plot of the Hawkins— Bradu—Kass dataset obtained with (a) Classical PCA (CPCA) and (b) Robust
PCA (RPCA).

Table 1 presents the results for pout, pmask, and pswamp of CPCA and RPCA. The results demonstrate that RPCA
successfully detects all outliers in the HBK dataset, outperforming CPCA. Additionally, RPCA does not exhibit any
masking effect, while CPCA shows a significant masking effect, with a high probability of misclassifying outliers as
inliers. Regarding pswamp, neither CPCA nor RPCA shows any swamping effect.

Table 1. Results of performance measurements for CPCA and RPCA.

CPCA RPCA
pout 0.2857 1.0000
pmask 0.7143 0.0000
pswamp 0.0000 0.0000

4, Conclusions

This study intends to introduce an alternative technique for robust principal component analysis (RPCA) using ISE.
The robustness of RPCA is compared with CPCA by using a benchmark dataset, which is the Hawkins-Bradu Kass
(HBK) dataset. The score plot, diagnostic plot, and performance measures are used to evaluate and illustrate the
robustness of the RPCA. From the plots and performance measures, RPCA effectively finds every outlier and does
not have masking and swamping effects. This is because misclassifying outliers as inliers is a greater problem than
misclassifying inliers as outliers. This alternative method of RPCA by using ISE shows promising results and can be
used to robustify the PCA. However, according to Salleh (2013), ISE can only be used when the sample size is more
than the dimension. Practically, the proposed RPCA may be employed in diverse fields, including microarray studies,
genetics, and chemometrics. In this study, only the HBK dataset is used to investigate the performance of RPCA
using ISE. For future studies, the performance of RPCA using ISE should be investigated by using a large and high-
dimensional dataset.
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